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SUMMARY

If y = f(x),then dy 9 represents instantaneous rate of change of y with respect to x.
dx

If y=f(g(®), then & " L (g(2))- g’ (1) Which is called the chain rule.

The equation of tangent at (a,b)to the curve y = £ (x)is givenby , —p = (ﬂ) (x—aq) or
X/ (a.b)

y—b=f'(a)(x—a).

Rolle’s Theorem

Let f(x)be continuous in a closed interval [a,b]and differentiable on the open interval

(a,b).If f(a)= f(b), then there is at least one point ¢ e (a,b)where f’(c)=0.

Lagrange’s Mean Value Theorem

Let f (x) be continuous in a closed interval [a, b] and differentiable on the open interval (a,b)
(where f{(a) and f(b) are not necessarily equal). Then there is at least one point ¢ € (a,b)such

Taylor’s series
Let f(x)be a function infinitely differentiable at x=a. Then £ (x)can be expanded as a
series in an interval (x —a,x + a),of the form

_mf(n)(a) . £(a) B f(n)(a) o
f(x)—% P (x—a) —f(a)+—|_1 (x—a)+--—+ P (x—a) +--

Maclaurin’s series
In the Taylor’s series if @ = 0, then the expansion takes the form
= f700), 77(0) £70),
@)=Y 21— (x) = f0)+ T () +-- -+ —(x") +
Zo n 1 n
The I’Hopital’s rule
Suppose f(x)and g(x)are differentiable functions and g’ (x) 20 with

}Clilalf(x) = hmg(X) Then !cl—m gx; }c—w(]g[ g;

hmf(x) +oo—]1mg(x) Then lim f(X) - f’(x)
pa el e g ()

If the function £ (x)is differentiable in an open interval (g, b)then we say, if a (f(x)>0,
Vx € (a,b)then £ (x) is strictly increasing in the interval (a,b).
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if di( 7 ( x)) <0,Vxe(a,b)then f(x) is strictly decreasing in the interval (a,b)
x

A procedure for finding the absolute extrema of a continous function £ (x)on a closed interval
[a,b].
Step 1 : Find the critical numbers of £ (x) in (a,b).

Step 2 : Evaluate f(x)at all critical numbers and at the endpoints aand b .

Step 3 : The largest and the smallest of the values in Step 2 is the absolute maximum
and absolute minimum of £ (x) respectively on the closed interval [a,b].

First Derivative Test

Let (c, f (c))be a critical point of function f(x) that is continuous on an open interval 1
containing c. If f (x) is differentiable on the interval, except possibly at ¢, then f (¢) can
be classified as follows:(when moving across / from left to right)

@ If 77 (x) changes from negative to positive at ¢, then f (x) has a local minimum
f(o).
(i) If 77 (x) changes from positive to negative at ¢, then f (x) has a local maximum
f(o).
(i) If £ ’(x) is positive on both sides of ¢, or negative on both sides of ¢ then f (x) has
neither a local minimum nor a local minimum.

Second Derivative Test

Suppose that ¢ is a critical point at which f’(c) =0, that 7 (x) exists in a neighbourhood of
c, and that f’(c)exists. Then f has a relative maximum value at cif f”(c)<0 and a
relative minimum value at cif £”(c)>0.If f”(c) =0, the test is not informative.
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1. If f(x)= Ll then its differential is given by
X+
-1 1 1 -1
(1) > dx (2) ———dx (3) —dx (4) —dx
(x+1) (x+1) x+1 x+1
12. If u(x,y) =x" +3xp+y—2019, then ou is equal to
Ylea-s)
(1) —4 (2) -3 3) -7 (4) 13
13. Linear approximation for g(x)=cosx at x = % is
T T T T
1) x+— 2) —x+— 3) x—— 4) —x——
()x2 ()x2 ()x2 ()x2
14. If w(x,y,2)=x(y—2)+y*(z=x)+z°(x— ), then 6_w+8_w+8_w is
ox 0Oy Oz
(1) xy+yz+zx (2) x(y+2) 3) y(z+x) 40
15. If f(x,,2) =xy+yz+2X then f, - f. is equal to
(1) z—x (2) y-:z () x-z 4) y—x
®
SUMMARY
* Let f:(a,b) — R be a differentiable function and x, € (a,b) then linear approximation L
of fatx, is given by
L(x)= f(x)+ f'(x)(x—x,)Vx €(a,b)
* Absolute error =Actual value — Approximate value
. Absolute error
Relative error= ———
Actual value
Percentage error = Relative error x100
(or)
Absolute error 100
Acutal value
* Let f:(a,b)— R be a differentiable function. For x € (a,b) and Ax the increment given
to x, the differential of fis defined by df = f” (x)Ax.
* All the rules for limits (limit theorems) for functions of one variable also hold true for
functions of several variables.
o Let A={(x,y)|a<x<b, c<y<d}CR2,F:A—>R and (xo,yO)GA.
XII - Mathematics 88
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F(xo —|—h,y0)—F(x0,y0)

(1) F has a partial derivative with respect to x at (xo, yo) €4 if £1rr01

h
exists and it is denoted by 6—F
X
(%0:70)
Flx 9 KV—F(x R
F has a partial derivative with respect to y at (x,,y,) € 4 if Eng (%0, + k) (%0, 30)

exists and limit value is defined by @i
ay (xo,YO)

* Clariant’s Theorem: Suppose that 4= {(x,y)| a<x<bc<y< d} CR’, F:A—R.If

Jf,, and f  existin A4 and are continuous in 4, then f, = f, inA.

e Let A:{(x,y)|a<x<b c<y<a’}CR2.Afuncti0n U:4— R is said to be harmonic
2 2
in A if it satisfies % + % =0, V(x,») € 4. This equation is called Laplace’s equation.

. LetA:{(x,y)|a<x<b,c<y<d}C]R2, F:4— R and (xo,yO)EA.

(1) The linear approximation of F at (xo, yo) € A is defined to be

oF OF
L(x,y)ZF(xo,yo)Jra— (x_x0)+6_ (=)
(%0-%0) (x0-Y0)
(i1) The differential of F is defined to be dF = Z—F dx + ?3_ dy where Ax=dx and Ay =dy.
v
) * Suppose w is a function of two variables x, y where x and y are functions of a single variable &
i D2 O 7, OF &7

dt Ox dt dy dt
» Suppose w is a function of two variables x and y where x and y are functions of two variables

s and ¢ then, 8_W:8_w %_;_@@ a_w 8_”’%_*_8“’ 5y

ds Ox Os Oy Os Ot Ox Ot Oy Ot
* Supposethat 4 = {(x,y)| a<x<bc<y< d} CR?, F: A— R’.If Fishaving continuous
OF

Ja
partial derivatives and homogeneous on A, with degree p, then xa— +y 8 = pF.
v
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SUMMARY

(1) Definite integral as the limit of a sum

Q) [ fG)dx = ggb_T“ﬁf(aﬂb—a)%)

n—00 p

i ES () i L [
(i1) [f(x)dx— 31_%10”;]’[”} lim Z [n]

(2) Properties of definite integrals

(i) j 7 (x)dx =i f(u)du (i) [ f(x)de= —j £ (x)dx
Git) [ fCde =] F@ode+ [ fde (iv) [ redv=["fa+b-xax
W [ rde=] fa-x)ax vy [ fede= [ [0+ £ 2a-n)]ds

(vil) If f(x) is an even function, then J_aa f(x)dx= 2]: S (x)dx.

(ix) Iff(x) is an odd function, then Jf (x)dx = 0.
®) If fQa—x)=f(), then | f(@)dx=2]"f(x)db.
(xi) If f(2a—x)=—-f(x), then J~02a S (x)dx=0.

a

(xii) j X f(x)dx =

0

f(x)dx if fla=x)= f(x)

© S

a
2
(3) Bernoulli’s Formula

(3)

- —of® @y, _
fuvdx— UV —U Vi) FU Vg —U TV e

(4) Reduction Formulae

T % (n_l)x(n_3)><---><l><ﬂ, ifn=2,4,6,---
(1) stin"x dx =_[cos”x =] " 72 2 2
’ © (n_l)x(n_3)><---><g ifn=3,5,7,---
n (n-2) 3’ T
(i) If nis even and m is even,
I%sinmx cos"xdx = (D _@®=3) @=5) 1 (m-Dhm-3h(m-3) 1=
0 (m+n)(m+n-2)(m+n—-4) (m+2) m (m-2)(m—-4) 22

(i1i1) If n is odd and m is any positive integer (even or odd), then

T o (n=1) (n=3) (n=9%) 2 1
f sin™z cos"z dx = .
0 (m+n)y(m+n-2)(m+n—-4) (m+3)(m+1)
XII - Mathematics 142
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(5) Gamma Formulae |
. D 5 e N n!
() T = [ de =u-Dt ()] e"xdr =

(6) Area of the region bounded by a curve and lines

(1) The area of the region bounded by a curve, above x -axis and the lines x=a and x=25

isd= [ yar.
(i1)) The area of the region bounded by a curve, below x -axis and the lines x=a and x=5
b b
isA4= —f ydx = f ydx| .

(ii1)) Thus area of the region bounded by the curve to the right of y -axis, the lines y = ¢ and
y=disd= L/;dxdy.
(iv) The area of the region bounded by the curve to the left of y -axis, the lines y =c¢ and
y=dis A= —J‘Cd xdy = Ucd xdy‘ .
(v) If f(x) > g(x), then area bounded by the curves and the lines x =a, x =b is

b b
A=[[f(0)-g@)]dx=[(y, - y,)dx
® (vi) Iff(y) > g(v), then area bounded by the curves and the lines y =c¢, y =d is ®

A=[[()-g)]dy = [ (x, —x,)dy

(7) Volume of the solid of revolution

b
(1) The volume of the solid of revolution about x-axis is V' = 71'J.a ydr.,

(i1)) The volume of the solid of revolution about y-axis is V = 71'J. dxzdy.
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21.

22.

23.

24.

25.

10.

Integrating factor of the differential equation & = xty+l is
dx x+1
(1) b 2) x+1 3) ! 4) Vx+1

x+1 Vx+1

The population P in any year ¢ is such that the rate of increase in the population is proportional
to the population. Then

(1) P=Cé" (2) P=Ce™ (3) P=Ckt (4) P=C

P is the amount of certain substance left in after time z. If the rate of evaporation of the
substance is proportional to the amount remaining, then

(1) P=cCe" (2) P=Ce™ (3) P=Ckt (4) Pt=C

If the solution of the differential equation & - 3 represents a circle, then the value of
dx 2y+f

ais

(1 2 2) -2 3 1 @ -1

d
The slope at any point of a curve y = f(x) is given by d_z = 3x? and it passes through (-1,1).
Then the equation of the curve is
(1) y=x*+2 (2) y=3x"+4 3) y=3x*+4 4) y=x*+5

SUMMARY

. A differential equation is any equation which contains at least one derivative of an unknown

function, either ordinary derivative or partial derivative.

The order of a differential equation is the highest derivative present in the differential

equation.

. If a differential equation is expressible in a polynomial form, then the integral power of the

highest order derivative appears is called the degree of the differential equation

If a differential equation is not expressible to polynomial equation form having the highest order
derivative as the leading term then that the degree of the differential equation is not defined.

If a differential equation contains only ordinary derivatives of one or more functions with respect
to a single independent variable, it is said to be an ordinary differential equation (ODE).

An equation involving only partial derivatives of one or more functions of two or more
independent variables is called a partial differential equation (PDE).

The result of eliminating one arbitrary constant yields a first order differential equation and that
of eliminating two arbitrary constants leads to a second order differential equation and so on.

A solution of a differential equation is an expression for the dependent variable in terms of
the independent variable(s) which satisfies the differential equation.

The solution which contains as many arbitrary constants as the order of the differential
equation is called the general solution

If we give particular values to the arbitrary constants in the general solution of differential
equation, the resulting solution is called a Particular Solution.

177 Ordinary Differential Equations
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I1.

12.

13.

14.

15.

16.

17.

18.

- (B

An equation of the form f,(x)g,(»)dx + f,(x)g,(y)dy = 0 is called an equation with variable
separable or simply a separable equation.

A function f(x,y) is said to be a homogeneous function of degree # in the variables x
and y if, f(tx,ty)=1"f(x,y)for some n€R for all suitably restricted X,y and ¢. This is
known as Euler’s homogeneity.

If f(x,y) is ahomogeneous function of degree zero, then there exists a function & such that

f(x,») is always expressed in the form g(l) ,
X

An ordinary differential equation is said to be in homogeneous form, if the differential

cquation is wri dy _ ( ¥y )
quation 1s written as =g -
dx X
The differential equation M (x,y)dx+ N(x,y)dy =0 [in differential form] is said to be
homogeneous if M and N are homogeneous functions of the same degree.
a
A first order differential equation of the form 9y Py = Q.

: X . .. d
where P and Q are functions of x only. Here no product of y and its derivative d_y occurs
x

and the dependent variable y and its derivative with respect to independent variable x occur
only in the first degree.

The solution of the given differential equation (1) is given by yeJ P I er "+ C.
Here ej P js known as the integrating factor (I.F.)

A first order differential equation of the form ;,ﬂ + Px=Q,where P and Q are
Ly

: . .. dx
functions of y only. Here no product of x and its derivative — occurs and the dependent
y

variable x and its derivative with respect to independent variable y occur only in the first
degree.In this case, the solution is given by )CeI - IQeJ dedy +C.

If x denotes the amount of the quantity present at time ¢, then the instantaneous rate at
which the quantity changes at time ¢ is @

dt
This leads to a differential equation of the form % = f(x,1).

GeoGebra work book named “12* Standard Mathematics Vol-2” will open.
In the left side of work book there are chapters related to your text book. Click
on the chapter named “Ordinary Differential Equations”. You can see several El-

work sheets related to the chapter. Go through all the work sheets

( ICT CORNER

https://ggbm.at/dy9kwgbt or Scan the QR Code

Open the Browser, type the URL Link given (or) Scan the QR code. E'-.- q::IE

]
B262_12_MATHS_EM

XII - Mathematics 178

‘ ‘ Chapter 10 Differential Equation.indd 178 @ 26-02-2020 17:26:57‘ ‘



| T T ® . T ||

18. Let X have a Bernoulli distribution with mean 0.4, then the variance of (2X-3) is

(1)0.24 b) 0.48 (3) 0.6 (4) 0.96

19. If in 6 trials, X is a binomial variable which follows the relation 9P(X=4) = P(X=2), then the
probability of success is

(1)0.125 (2) 0.25 (3) 0.375 (4) 0.75

20. A computer salesperson knows from his past experience that he sells computers to one in
every twenty customers who enter the showroom. What is the probability that he will sell a
computer to exactly two of the next three customers?

57 57 19° 57

1) == 2) — 3) 4) —

()203 ()202 ()203 ()20

SUMMARY

* Arandom variable X is a function defined on a sample space S into the real numbers R such
that the inverse image of points or subset or interval of R is an event in S, for which probability
is assigned.

e A random variable X is defined on a sample space S into the real numbers R is called discrete
random variable if the range of X is countable, that is, it can assume only a finite or countably
infinite number of values, where every value in the set S has positive probability with total one.

® e If Xis a discrete random variable with discrete values x , x,, x,,... x ..., then the function denoted ®
by f(.) or p(.) and defined by f(x,) = P(X = x)) for k = 1,2,3,...n,... is called the probability mass
function of X

e The function f{x) is a probability mass function if

(i) fx,) > 0 for k=1,2,3,...n,... and (i) Y, f(x)=1

k
e The cumulative distribution function F(x) of a discrete random variable X, taking the values
X, X,, X,,... such that x <x, <x, <--- with probability mass function f{x) is

F(x)=PX<x)=) f(x), xeR

x;<x

* Suppose X is a discrete random variable taking the values x , x,, x,,... such that x <x, <x,,...
and F{(x) is the distribution function. Then the probability mass function f{x) is given by f(x) =
F(x)-F(x_),i=123, ..

* Let S be asample space and let a random variable X : S — R that takes any value in a set I of R.
Then X is called a continuous random variable if P(X = x) =0 for every x in I

* A non-negative real valued function f(x) is said to be a probability density function if, for each
possible outcome x, x € [a,b] of a continuous random variable X having the property

Pla<x<b)=[ f(x)dx

221 Probability Distributions
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Suppose F(x) is the distribution function of a continuous random variable X. Then the probability
density function f(x) is given by

dF (x)
dx
Suppose X is a random variable with probability mass or density function f(x) The expected

=" = Fr)

whenever derivative exists.

value or mean or mathematical expectation of X, denoted by E(x) or u is

fo (%) if X is discrete

X

E(X)=

oo

| % (x)dx ifX is continuous

The variance of the random variable X denoted by V(X) or ¢* (or ¢ ?) is

V(X) = EX — EQX)Y = EQX— oy’

Properties of Mathematical expectation and variance

(1) E(aX + b)=aE(X)+ b, where a and b are constants

Corollary 1: E(aX) = aE(X) (when b =0)
Corollary 2: E(b) =b (when a = 0)

(if) Var(X) = E(X?) - (E(X))*

(iii) Var(aX + b) = a*Var(X) where a and b are constants

Corollary 3: V(aX) = a*V(X) (when b = 0)
Corollary 4: V(b)=0 (when a =0)

Let X be a random variable associated with a Bernoulli trial by defining it as X (success) = 1 and
X (failure) = 0, such that

P x=1

where 0 <p <1
g=1-p x=0

f(X)={

X is called a Bernoulli random variable and f{x) is called the Bernoulli distribution.

If X is a Bernoulli’s random variable which follows Bernoulli distribution with parameter p, the

mean g and variance ¢ are

2

p=p and o =pq

XII - Mathematics 222
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e A discrete random variable X is called binomial random variable, if X is the number of successes
in n-repeated trials such that

(1) The n- repeated trials are independent and # is finite
(i1) Each trial results only two possible outcomes, labelled as ‘success’ or ‘failure’

(ii1) The probability of a success in each trial, denoted as p, remains constant

e The binomial random variable X equals the number of successes with probability p for a success
and g =1-p for a failure in n-independent trials, has a binomial distribution denoted by

R —x
X ~ B(n, p). The probability mass function of X is /(X)= (X)P 1-p"7, x=0,12,..,n

e If X'is a binomial random variable which follows binomial distribution with parameters p and n,
the mean u and variance o* are = np and o> = np(1 — p).
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(6)

(7)

(8)
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(10)
(11)

(12)

(13)

(14)

(15)

(16)

SUMMARY

A binary operation* on a non-empty set S is a rule, which associates to each ordered pair
(a,b) of elements a,b in S an unique element a*xb in S.

Commutative property: Any binary operation * defined on a nonempty set S is said to satisfy
the commutative property, ifaxb=bx*a, Va,be S .

Associative property: Any binary operation * defined on a nonempty set S is said to satisfy
the associative property, ifax(bxc) = (axb)*c, Ya,b,c€ S

Existence of identity property: An element e € S'is said to be the Identity Element of .S under
the binary operation * if for all a € S we have that axe=aand exa=a.

Existence of inverse property: If an identity element eexists and if for every a € S, there
exists b in § such that axb=-eand b*a =e then b € § said to be the Inverse Element of a .
In such instance, we write p =g '.

Uniqueness of Identity: In an algebraic structure the identity element (if exists) must be
unique.

Uniqueness of Inverse: In an algebraic structure the inverse of an element (if exists) must be
unique.

A Boolean Matrix is a real matrix whose entries are either O or 1.

Modular arithmetic: Let n be a positive integer greater than 1 called the modulus. We say
that two integers a and b are congruent modulo » if b — a is divisible by n. In other words
a = b (mod n) means a — b = n- k for some integer k and b is the least non-negative integer
reminder when ¢ is divided by n. (0<b<n-1)

Mathematical logic is a study of reasoning through mathematical symbols.

Let p be a simple statement. Then the negation of p is a statement whose truth value is
opposite to that of p . It is denoted by —p, read as not p .The truth value of —p is T, if pis
F, otherwise it is F .

Let p and g be any two simple statements. The conjunction of p and g is obtained by
connecting p and g by the word and. It is denoted by P A ¢, read as ‘ p conjunction g’ or
‘ p hat g’. The truth value of P Aq is T, whenever both p and g are T anditis F otherwise.

The disjunction of any two simple statements p and g is the compound statement obtained by
connecting p and ¢ by the word ‘or’. It is denoted by PV ¢, read as® p disjunction ¢’ or ‘ p
cup ¢ ’.The truth value of PV ¢ is F, whenever both p and gare F and it is T otherwise.

The conditional statement of any two statements p and ¢ is the statement, ‘If p, then ¢’
and it is denoted by p — ¢ . The statement p — g has a truth value F when ¢ has the truth
value F and p has the truth value 7; otherwise it has the truth value 7.

The bi-conditional statement of any two statements p and g is the statement ¢ p if and only
if ¢’ and is denoted by p <> g The statement p <> g has the truth value 7' whenever both p and
q have identical truth values; otherwise has the truth value F.

A statement is said to be a tautology if its truth value is always 7T irrespective of the truth
values of its component statements. It is denoted by T.
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(17) A statement is said to be a contradiction if its truth value is always F irrespective of the truth
values of its component statements. It is denoted by [F.

(18) A statement which is neither a tautology nor a contradiction is called contingency.

(19) Anytwo compound statements A4 and B are said to be logically equivalent or simply equivalent
if the columns corresponding to 4 and B in the truth table have identical truth values. The
logical equivalence of the statements 4 and B is denoted by 4 =B or A< B. Further note
that if 4 and B are logically equivalent, then 4 <> B must be a tautology.

(20) Some laws of equivalence:
Idempotent Laws: (i) PVP=EDP@{i) PAP=ED.

Commutative Laws: (i) PV4=4qgVp (i) PANG=qGAPD.
Associative Laws: (i) pv(gvr)=(pvq)vr() pa(gar)=(pag)ar.
Distributive Laws: (1) pvgar)=(pvg)Ar(pvr)
(i) pa(gvr)=(prq)v(par)
Identity Laws: (i) VT =Tand PVF=p
(1) PAT=pand PAF=F
Complement Laws: (i) pV—P=TandPA—-P=F

(i) = T=F and—=F=T
Involution Law or Double Negation Law: —(—p)—p
de Morgan’s Laws: (i) —(pAg)=—pv—g (ii) ~(pvg)=—pVv—q
Absorption Laws: (i) pvparq)=p (i) pAr(pvg=p
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